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Game played on graphs: Nash Equilibria

Does there exist an Nash Equilibrium (NE) satisfying some constraints?

e NE with reachability objectives?
Player O: reach v3
Player l: reach vs
Player ©: reach v,
Player ¥: reach W
Does there exist an NE visiting W7
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Game played on graphs: Nash Equilibria

Does there exist an Nash Equilibrium (NE) satisfying some constraints?

e NE with reachability objectives? Clear
e NE with combination of objectives.
Player Q: some parity objective
Player l: reach v3 and v7, then reach vs

Player ¢: some LimSup objective
Player v Biichi(w)
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Game played on graphs: Nash Equilibria

Does there exist an Nash Equilibrium (NE) satisfying some constraints?

e NE with reachability objectives? Clear
e NE with combination of objectives.
Player O: some parity objective
Player l: reach v3 and vy, then reach vg

Player ¢: some LimSup objective
Player ¥: Biichi(lw)

Less clear...
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Game played on graphs: Nash Equilibria

Does there exist an Nash Equilibrium (NE) satisfying some constraints?

There is a unified framework where this
problem is PSPACE-complete.
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A Unified Framework

V:
. Classical setting: objectives Q;: V¥ — Q, for each

player i,

V2

e.g., Q;: VY- {01}

Vo v3
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V:
. Classical setting: objectives Q;: V¥ — Q, for each

player i,

V2

e.g., Q;: VY- {01}

Vo v3

Broader setting: preference relations
x; € V¥ x V¥ to compare plays:
~mx; ' if ©’ is preferred to ,

e.g., mx;w if Qi(w) < Qi(n").
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A Unified Framework

Vi

Classical setting: objectives Q;: V¥ — Q, for each
player i,

e.g., Q;: VY- {01}

V2

Vo v3
{Q1,2,Q3}
Broader setting: preference relations / \
x; € V¥ x V¥ to compare plays: Q1,0 {2,93)  {Q,95)
~mx; ' if ©’ is preferred to , () \ () / (93}

eg., mw;w if Qi(m) < Qi(n"). \@/
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w-Automatic Relations

~ Define x with a deterministic parity automaton (DPW) A, on the alphabet
V x V that synchronously reads two w-words.
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alalclald|b uw
clalb b|d !
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w-Automatic Relations

~ Define x with a deterministic parity automaton (DPW) A, on the alphabet
V x V that synchronously reads two w-words.

clalp bld !

Q.

4/10



w-Automatic Relations

~ Define x with a deterministic parity automaton (DPW) A, on the alphabet
V x V that synchronously reads two w-words.

alalclaldl|b uw
clalp bld !

4/10



w-Automatic Relations

~ Define x with a deterministic parity automaton (DPW) A, on the alphabet
V x V that synchronously reads two w-words.

alalclaldl|b uw
c b bld g

L(A) € (V x V)¥ can be seen as a binary relation: w-automatic relation!
M

Example: {(x,y) | firsta(x) < first,(y)} is w-automatic
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Expressivity — Classical Objectives

x x y iff Q(x) <Q(y)

(Y b, *

Reach(lw) U &
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Expressivity — Classical Objectives

x x y iff Q(x) <Q(y)

uu VIR
Reach(w)
Buchi()
o : ¥
o \
Shortest Path L N oty

Reach(iw) N U, & ‘
\

5/10



Expressivity — Combinations of Classical Objectives

W
|
Counting order with two Biichi objectives (W and ™). (w+8)u+1%)

Hv"'@

U+8 (w8 ol +¥)

(w+8)u+¥),hus
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Expressivity — Combinations of Classical Objectives

Subset order with two reachability objectives ( / \

¥2): 12 states.
\ /

Rock paper scissors like: / \
L! -~ ﬁ

Conjunctions, disjunctions, counting, lexicographic, subset ordering, ...
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Zero-Sum Games

Threshold problem

Given a lasso 7 € Plays(vp), does player 1 have a winning strategy for the objective
Q={pe VY |71 xp}?
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Zero-Sum Games

Threshold problem

Given a lasso 7 € Plays(vp), does player 1 have a winning strategy for the objective
Q={pe VY |71 xp}?

: Vali(v) = {7 € Plays(v) | 301¥p € Plays,, (v), 7 x p}

Theorem

Vali(v) is accepted by a polysize alternating parity automaton (APW).

Given Question Equiv. to Complexity
T Threshold prob. with 77 7€ Valy(vg)? Parity-complete
/ 3, threshold prob. with 7?7 Vali(v) #+ @7 PSPACE-complete
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Decision Problems

Constrained NE existence problem

Does there exist an NE & such that (7),, € C for an w-regular constraint C ¢ V¥
given as an APW.
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Constrained NE existence problem

Does there exist an NE & such that (7),, € C for an w-regular constraint C ¢ V¥
given as an APW.

~ NEout(v) = Niep(Val;(v))C.

Theorem
The NE threshold problem is PSPACE-complete.
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Decision Problems

Constrained NE existence problem

Does there exist an NE & such that (7),, € C for an w-regular constraint C ¢ V¥
given as an APW.

~ NEoue (v) = Niep(Vali(v))“.
Theorem
The NE threshold problem is PSPACE-complete.
(Stackelberg setting with NEs):
The cooperative Rational Synthesis is PSPACE-complete,
The non-cooperative Rational Synthesis is undecidable (X1-hard)
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Future/Ongoing Work

~ Main future work: extend to subgame perfect equilibria (SPE).

Already EXPTIME-complete using w-recognizable relations (finitely many payoffs).
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Future/Ongoing Work

~ Main future work: extend to subgame perfect equilibria (SPE).

Already EXPTIME-complete using w-recognizable relations (finitely many payoffs).

Thank you! Questions?
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