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Topic: Reactive Systems

A system (player 0) interacting with the environment (player 1).

Environment

m System is controllable (coffee machine, elevator, autopilot, ...)

= Environment is not (humans, other independent systems, ...)

~ How to guarantee a specification g in such reactive systems ?
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Rational Synthesis

Guarantee Qg, in which condition 7
m Zero-sum ? Environment completely antagonistic... ~ Too simple !

m Instead, assume that the environment is composed of multiple
components 1,...,t, each with a specification ;.
~ The environment behaves “rationally” !

Rational Synthesis

The Rational Synthesis problem asks to decide whether there exists a
strategy of player 0 such that every rational response of the environment to
this strategy satisfies a goal Qg of player 0.
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Game played on graphs

~ Model interactions with games played on graphs ...

Vo v2

Vs

v3

va

. where the environment plays “rationally
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Game played on graphs

Vo v2

Vs

v3

va

Directed graph: (V,E)
Set of players: P ={0,...,t}Arena A=(V,E,P,(V;)ep)
Partition of V: (V})iep

m Play: 7€ Plays ¢ V¥ consistent with E, history: he V*,
m Strategy for i € P: function o;: V*V; > V, hv — o;(hv).
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Game played on graphs: Reachability objective
Associate an objective with each player i: Quantitative reachability
(Ti; Wi):
TicV, wi: E >N, with cost; : Plays > NuU {+0c0}:
m for a play m =momy... and n=inf{k e N| 7wy € T;},

t ( ) Zzzlwi((ﬂ'k—l,ﬂ'k)) if n< +o0,
costj(m) =
I oo otherwise.

(When w;(e) =0 for all e € E ~ Qualitative reachability)

~ Goal of the system: costg(7) < ¢, for a given threshold c € N.

~» Goal of each player of the environment: Minimize cost;, then be
antagonistic towards the system.

What does “minimize” mean (i.e., be rational) ?
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Pareto-Optimality

Stackelberg game: player 0 fixes o9, and the environment behaves
rationally according to oyg.

Here, players 1,...,t agree to get the a lowest costen, = (costy,...,cost:):
Pareto-Optimality !

~ Partial order < on Nt, e.g.

(400,12, +00)

N

(+00,9,3)  (+00,11,2) (3,2,4)

N/ |

(3,9,1) (3,2,3)
Py, = min{costeny (7) | 7 play consistent with og}.
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Pareto-Optimality: Example

vo 2 m All weights constant, w; = 1,
Vs u TOZ{V37V4}1
m T1={v3, w5},
va m Tr={vi,v}.

For o such that og(v1) = vo:

vovivavs - player 0: + oo, env: (3,1)

vovivavy : player 0: 3, env: (+o00,1) _
vovavs :player 0: + co, env: (2,+00) Poo ={(3,1),(2,+00)}
vovavg :player 0: 2, env: (+00,2)

For og such that oj(v1) = v3:
vovyvs : player 0: 2 env: (2,1)

Vovavs : player 0: + 0o, env: (2,+00) ¢ Py, = {(2,1),(+00,2)}
VoVavy : player 0: 2, env: (+o00,2
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Pareto Synthesis

Let G=(V,E, Vo, (T;,w;)ocick) be a game and c € N be a threshold,
Non-Cooperative Pareto Synthesis (NCPS) problem:

d00, Ve Plays, , costen(m) € Py = costo(m) < c.

Cooperative Pareto Synthesis (CPS) problem:

doo, 37 € Plays, , costen(m) € Py, A costg(m) < c.
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Pareto Results

‘ Coop. synthesis ‘ Non-coop. synthesis
Pareto, weights PSPACE-complete | NEXPTIME-complete!
Pareto, qualitative | PSPACE-complete | NEXPTIME-complete?

Verification variants: given a strategy oo defined by a deterministic
Mealy machine, is o¢ a solution to a synthesis problem ? (Is every og
defined by a nondeterministic Mealy machine a solution 7)

‘ Non-coop. verif. (det.) ‘ Non-coop. verif. (nondet.)
Pareto, weights I'I2P—comp|ete PSPACE-complete
Pareto, qualitative I'I2P—comp|ete PSPACE-complete

1Brihaye, Bruyére, and Reghem, “Quantitative Reachability Stackelberg-Pareto Synthesis is
NEXPTIME-Complete”, RP 2023

2Bruyere, Raskin, and Tamines, “Stackelberg-Pareto Synthesis’, CONCUR 2021



Cooperative Synthesis: Sketch

PSPACE membership of the CPS problem:

dog, 3mePlays, , costen,(m) € Py, A costg(m) < c.

Approach by 3 steps:

Guess a lasso m = u(v)%, (Is is sufficient ? Which size ?)
Check whether costg(7) < ¢, (Run through pv)
Check whether costen, () € Py, (for og to determine). (How ?!)

Lemma

For Step 1, polynomial-length lasso is sufficient.
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Cooperative Synthesis: Sketch

Given 7 = u(v)¥, check whether p = costeny (7) € P,, for og to
determine.

For each prefix h of 7, player 0 must ensure

QM = {7 ¢ Plays | =(costeny(h7') < p)}, ie.,

(Vi<i<t, pi>pj) v (3L<i<t, pj>p;).

Ensure
(P <p)
It amounts to solve a zero-sum game (G, Q) with

Q= ( m Safezdl.( T,)) @] ( U Safezd,.ﬂ(T,-)) y

1<i<t 1<i<t

with bounded safety objectives Safe,4(T) = {7 | cost(7) > d} (d € N)
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Cooperative Synthesis: Sketch

Proposition

Deciding the winning of a two-player zero-sum game (G, Q) with

0= ( 1) satesq (7)) o U Safesqn (7))

1<i<t 1<i<t

is in PSPACE.
~ The Cooperative Synthesis problem belongs to PSPACE !
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Non-cooperative Verification (deterministic): Sketch

The NCPV problem is in ﬂ2P iff the coNCPV problem is in ¥5 = NPNP.

The coNCPV problem amounts to solve, in some game G’ where the
environment is the only player:

Jm € Plays, costeny(7) € P A costg(m) > c.

Goal: algorithm in NPNP

Guess a lasso 7 = u(v), (Exponential length ®)
Check whether costg(7) > ¢, (Exponential length ®)
Check whether costeny(7) € P. (Environment is alone, in coNP ®)
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Non-cooperative Verification (deterministic): Sketch

Player 1 is the only one to play, To= T1 ={wv1}, wo =1, and wy = 0.

(1,0) (1,0)

e

Solutions to the coNCPV problem are 7 = (vo)*(v1)“ for k > ¢, but ¢
given in binary ~ |(v9)*v1| exponential.
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Non-cooperative Verification (deterministic): Sketch

Goal: Steps 1 and 2 with an NP algorithm:
Guess a lasso 7 = pu(v)“ ~ NP 7
Check whether costy(7) > c,
Check whether costeny(7) € Py, ~ coNP !

Solution: split 7 into sequences that we succinctly guess using Parikh

Automata.
we L(A)
< wé L(A)

—
Weighted graph

weY”

~ Parikh: w is accepted iff there exists a run ending in a final state g € F
and the accumulated weight is in C € N¥ (even with C = {&}).
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Non-cooperative Verification (deterministic): Sketch

Lemma

The nonemptiness problem of Parikh automata is NP-complete.

= We want 7 such that cost(7) = ¢

m ~ Guess a lasso 7 of exponential length:
guess markers vy, ..., v, belonging to some distinct target sets,
guess costs &) between v; and vi,1,

use Parikh automata to guess sequences p) from v; and vj,1 with
cost(pt) =M.

vi € T; vo € Tj
| |

Vo 1 I )

Parikh (emptiness) Parikh (emptiness)

Christophe Grandmont



Non-cooperative Verification (deterministic): Sketch

To sum up:

Succinctly guess m = u(v)¥, costo(m) such that costo(7) > ¢, and a
cost tuple p = costeny(7) through multiple sequences, (poly.)

Check that costeny(7) € P,,. (NP Oracle)

~ Belongs to NPN" = ¥P ie., the NCPV problem belongs to M.
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All results

Nash variants: instead of asking costeny(7) € P,,, ask that 7 is the

outcome of a Nash Equilibrium.

Restricted environment: e.g. one player in the environment.

‘ Coop. synthesis ‘ Non-coop. synthesis ‘ Non-coop. verif. (det.) ‘ Non-coop. verif. (nondet.)
Pareto, weights PSPACE-complete | NEXPTIME-complete? ﬂ;-complete PSPACE-complete
Pareto, qualitative PSPACE-complete | NEXPTIME-complete* I'Ig—complete PSPACE-complete
Nash, weights NP-complete Unknown (EXPTIME-hard) | coNP-complete coNP-complete
Nash, qualitative NP-complete® PSPACE-complete® coNP-complete® coNP-complete®
Nash, weights, 1-env | NP-complete EXPTIME (PSPACE-hard) | coNP coNP-complete

Thank you |
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